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$\mathcal{K}_{m,n}(m, n\in \mathbb{Z}_{\geq 2})$
$\mathbb{C}$ .
: $f_{i,i+j},$ $\epsilon_{i}$ $(1 \leq i\leq n, 1\leq j\leq m-1)$ (2.1)
: $\epsilon_{i}$ , (2.2)
$[f_{ij}, f_{kl}]=h(\delta_{j\equiv k}f_{i,l+j-k}-\delta_{l\equiv i}f_{k,l+j-i})$ , (2.3)
$h\in \mathbb{C}$
$\delta_{i\equiv j}=\{$
1($i\equiv j$ (mod $n)$ ) (2.4)






. Ore domain ,
$\mathcal{K}_{m,n}$ .
Definition 21 $\mathcal{K}_{m,n}[z, z^{-1}]$ , $M_{n,n}(\mathcal{K}_{m,n}[z, z^{-1}])$
$F_{i}(0\leq i)_{f}\Lambda,$ $L,$ $B$ .
$\ovalbox{\tt\small REJECT}$ $= \sum_{i=1}^{n}E_{ii}\epsilon_{i}$ , $F_{j}= \sum_{i=1}^{n}E_{ii}f_{\dot{x},i+j}$ $(1\leq j))$ A $= \sum_{i=1}^{n-1}E_{i,i+1}+zE_{n,1}$ ,
(2.6)
$L= \sum_{i=0}^{\infty}F_{i}\Lambda^{i}$ , (2.7)
$E_{ii}$ $(i,j)$ 1 0 .
$L$ Lax . Lax $L(2.7)$




















$f_{23}f_{13}\epsilon_{3}zf_{58}zf_{14}\epsilon_{4}f_{34}f_{24}zf_{25}f_{45}f_{36}\epsilon_{5}1\ovalbox{\tt\small REJECT}$ . (2.8)
13
.




$[F_{i}, F_{j}^{(l)}]=h(\delta_{l\equiv i}F_{i+j}-\delta_{l\equiv-j}F_{i+j}^{(l)}.)$ , (2.9)






$f_{12}\ovalbox{\tt\small REJECT}$ . (2.10)
$\partial_{z}$ $\mathcal{K}_{m,n}[z, z^{-1}]$ $\mathcal{K}_{m,n}$-derivation $z$ 1 .
$C= \sum_{i=0}^{p}c_{i}\Lambda^{i}$ A , $C_{\geq q}= \sum_{i=q}^{p}c_{i}\Lambda^{i},$ $C_{<q}= \sum_{i=0}^{q-1}c_{i}\Lambda^{i}$
,
Theorem 2.2 $s,$ $k\in \mathrm{N}$ $ns>m(k-1)$ . $\mathcal{K}_{m,n}[z, z^{-1}]$
$\mathbb{C}$ [ $z$ , z-l]zde vauon $\partial_{s,k}$ Lax .
$\partial_{s,k}(L)=[L,.B_{s,k}]+\kappa z\partial_{z}(B_{s,k})$ , (2.11)
$B_{s,k}=(L^{k})_{\geq ns}\cdot z^{-s},$ $\kappa\in \mathbb{C}$ .
$L$ $B_{s,k}$ A , $ns>m(k-1)$ $\partial_{s,k}(L)$
$z\partial_{z}(B_{s,k})$ .
, .
Lemma 2.3 $s,$ $k\in \mathrm{N},$ $l\in \mathbb{Z}$ $i,j\in \mathbb{Z},$ $\mathrm{i}\geq 0_{\mathit{3}}j\geq 1$ .
$ns>m(k-1)$ , .
$[L\approx_{s+i}$ , Fj( ] $=h(\delta_{l\equiv i}L_{ns+i+j}^{k}-\delta_{l\equiv-j}(L_{ns+i+j}^{k})^{(l)})$ , (2.12)





. $I_{p}= \sum_{q=1}^{p}i_{q}$ . ns-m(k–l)+i $\leq i_{1},$ $\ldots,$ $i_{k}\leq m$
. (2.12) .
$[L_{ns+i}^{k},$ $F_{j}^{(l)}]= \sum_{p=1I_{k}}^{k}.\sum_{=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1})}\cdots F_{i_{p-1}}^{(I_{p-2})}[F_{i_{\mathrm{P}}}^{(I_{p-1})}$, Fj( ] $F_{i_{p+1}}^{(I_{p})}\cdots F_{i_{k}}^{(I_{k-1})}$ ,
(2.9) ,
$[L_{ns+\dot{\mathrm{z}}}^{k},$ $F_{j}^{(l\rangle}]$
$=h \sum_{p=1}^{k}\delta_{l\equiv I_{p}}\sum_{I_{k}=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1})}\cdots F_{i_{p-1}}^{\mathrm{t}^{I_{\mathrm{p}-2}})}F_{i_{p}+j}^{(I_{p-1}})F_{i_{p+1}}^{(I_{p})}\cdots F_{i_{k}}^{(I_{k-1})}$
$-h \sum_{p=1}^{k}\delta_{l+j\equiv I_{p-1}}\sum_{I_{k}=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1}\rangle}\cdots F_{i_{\mathrm{p}-1}}^{(I_{\mathrm{p}-2})}F_{i_{P}+j}^{(I_{\mathrm{p}-1}-j)}F_{i_{\mathrm{p}+1}}^{(I_{\mathrm{p}})}\cdots F_{i_{k}}^{(I_{k-1})}$ .
$l\equiv I_{k}(\mathrm{m}\mathrm{o}\mathrm{d} n)$ $l\equiv \mathrm{i}(\mathrm{m}\mathrm{o}\mathrm{d} n)$ $l+j\equiv I_{0}(\mathrm{m}\mathrm{o}\mathrm{d} n)$
$l\equiv-j(\mathrm{m}\mathrm{o}\mathrm{d} n)$ .
$[L_{ns+i}^{k},$ $F_{j}^{(l)}]$ (2.14)
$=h \sum_{p=1}^{k-1}\delta_{l\equiv I_{p}}\sum_{I_{k}=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1})}\cdots F_{i_{p-1}}^{(I_{p-2})}F_{i_{p}+j}^{(I_{p-1})}F_{i_{p+1}}^{(I_{p})}\cdots F_{i_{k}}^{\langle I_{k-1})}$
$+h(\delta_{l\equiv i}L_{ns+i+j}^{k}-\delta_{l\equiv-j}(L_{ns+i+j}^{k})^{(-j)})$
$-h \sum_{p=2}^{k}\delta_{l+j\equiv I_{p-1}}.\sum_{I_{k}=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1})}\cdots F_{i_{\mathrm{p}-1}}^{(I_{P^{-2}})}F_{i_{p}+j}^{(I_{\mathrm{p}-1}-j)}F_{i_{\mathrm{p}+1}}^{(I_{p})}\cdots F_{i_{k}}^{(I_{k-1})}$
$=\mathrm{I}+\mathrm{I}\mathrm{I}+\delta_{l\equiv i}L_{ns+i+j}^{k}-\delta_{l\equiv-j}(L_{n\epsilon+i+j}^{k})^{(-j)}$ ,
$\mathrm{I}=h\sum_{p=1}^{k-1}\delta_{l\equiv I_{p}-j}\sum_{I_{k}=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1})}\cdots F_{i_{p-1}}^{(I_{p-2})}F_{i_{p}+j}^{(I_{p-1})}F_{i_{p+1}}^{(I_{\mathrm{p}})}\cdots F_{i_{k}}^{(I_{k-1})}$ , (2.15)
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II $=-h \sum_{p=1}^{k-1}\delta_{l+j\equiv I_{p}}\sum_{I_{k}=ns+i}F_{i_{1}}F_{i_{2}}^{(I_{1})}\cdots F_{i_{p}}^{(I_{p-1})}F_{i_{\mathrm{p}+1}}^{(I_{p}-j)}F_{\tilde{\iota}_{p+2}}^{(I_{\mathrm{p}+1})}\cdots F_{i_{k}}^{(I_{k-1})}+j$ .
(2.16)
(2.15) , ns-m(k-l)+i+j $\leq i_{1,\}}\ldots i_{p-1},$ $i_{p}+J^{\mathrm{v}},$ $i_{p+1},$ $\ldots,$ $i_{k}\leq m$
, (2.16) , ns-m(k-l)+i+j $\leq \mathrm{i}_{1},$ $\ldots,$ $i_{p},$ $i_{p+1}+j,$ $i_{p+2},$ $\ldots,i_{k}\leq$
$m$ , I $\mathrm{I}\mathrm{I}$ . (2.12) .
Proof of Theorem 22. (2.11) $\partial_{s,k}$ (2.9)
:








$=\partial_{s,k}$ ( $I$ i)P\sim $+F_{i}\partial_{\epsilon,k}(F_{j}^{(l)})$ $-\partial_{s,k}(F_{j}^{(l)})F_{i}-F_{j}^{(l)}\partial_{s,k}(F_{i})$
$= \ovalbox{\tt\small REJECT}\sum_{+q=i}(F_{p}(L_{ns+q}^{k})^{(p)}-L_{ns+q}^{k}F_{\mathrm{p}}^{(q)})+\kappa\lambda_{i}L_{ns+i}^{k},$
$F_{j}^{(l)}\ovalbox{\tt\small REJECT}$
$+ \ovalbox{\tt\small REJECT} F_{i},\sum_{p+q=j}(F_{p}^{(l)}(L_{ns+q}^{k})^{(p+l)}-(L_{ns+q}^{k})^{(l)}F_{p}^{(q+l)})+\kappa\lambda_{j}^{(l)}(L_{ns+j}^{k})^{(l)]}$ .
(2.9) 23 (2.17) .
$m.=2,$ $s=1,$ $n=2k+1(k\in \mathrm{N})$ .
.







$1\leq i\leq n$ .
$\partial_{\mathrm{I},k}(f_{i,i+1})=f_{i,i+1}(\sum_{p=1}^{k-1}f_{i+2p-1,i+2\mathrm{p})}-(\sum_{p=1}^{k-1}f\dot{\mathfrak{g}}+2p,i+2p+1)f_{i,i+1}+\alpha_{i}$,
$\alpha_{i}=\epsilon_{i}-\epsilon_{\mathrm{i}+1}(1\leq i\leq n-1),$ $\alpha_{n}=\epsilon_{n}-\epsilon_{1}+\kappa$. $\partial_{1,k}$
$A_{2k}^{(1)}$ [3].
3 Affine Weyl group symmetry
Definition 3.1 $r_{i}(1\leq \mathrm{i}\leq n)$ .
$r_{i}= \frac{\alpha_{i}}{f_{i,i+1}}E_{i+1,i+1}\in M_{n,n}(\mathcal{K}_{m,n})$ , (3.1)
$\alpha_{i}=\epsilon_{i}.-\epsilon_{i+1}(1\leq i\leq n-1),$ $\alpha_{n}=\epsilon_{n}-\epsilon_{1}+\kappa$ . $G_{i}(1\leq i\leq n)$
.
$G_{i}=I$ $r_{i}\Lambda^{-1}\in M_{n,n}(\mathcal{K}_{m,n}[z, z^{-1}])$ , (3.2)
$I= \sum_{i=1}^{n}E_{ii}$ .
Proposition 32 $\mathcal{K}_{m,n}$ $s_{i}(1\leq i\leq n)$
.
$\kappa z\partial_{z}$ $s_{i}(L)=G_{i}$ ( $\kappa z\partial_{z}$ $L$ ) $G_{i}^{-1}$ . (3.3)
Proof. $s_{i}(1\leq i\leq n)$ .(2.9) .
(3.3) .
$s_{i}(L)=G_{i}LG_{i}^{-1}+G_{i}\kappa z\partial_{z}(G_{i}^{-1})$ . (3.4)
.
$s_{i}(F_{j})=F_{j}\dotplus r_{i}F_{i+1}^{(-1)}-F_{j+1}r_{i}^{(j+1)}-r_{i}F_{j+2}^{(-1)}r_{i}^{(j+1\rangle}$ $(0\leq j\leq m-1)$ . $(3.5)$
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.
$s_{i}(\dot{F}_{i}F_{j}^{(l)}$ - Fj( ) $=hs_{i}(\delta_{l\equiv i}F_{i+j}-\delta_{l\equiv-j}F_{i+j}^{(-j)})$ . (3.6)
$s_{i}$ (2.9) .
Theorem .3.3 (1) $s_{i}(1\leq i\leq n)$ $\mathcal{K}_{m,n}$ $A_{n-1}^{(1)}$ Weyl
. .
$s_{i}^{2}=1$ , $(s_{i}s_{j})^{3}=1(j=i\pm 1)$ , $s_{i}s_{j}=s_{j}s_{i}(j\neq i\pm 1)$ , (3.7)
$n=2$ $(s_{i}s_{i\pm 1})^{3}=1$ .
(2) $s,$ $k\in \mathrm{N}$ , $s_{i}(1\leq i\leq n)$ $\partial_{s,k}$ .
Proof. (3.5) , (1) .
(2) ,
$\partial_{s,k}+s_{i}(B_{s,k})=G_{i}(\partial_{s,k}+B_{s,k})G_{i}^{-1}$ (3.8)
. $B_{s,k}$ , (3.8) .
$\partial_{s,k}+s_{i}(B_{s,k})=\partial_{s,k}+s_{i}(L)_{\geq ns}^{k}\cdot z^{-\epsilon}.\cdot$ (3.9)
(3.4) .
$\partial_{s,k}+s_{i}(B_{\epsilon,k})=\partial_{s,k}+(G_{i}LG_{i}^{-1}+G_{i}\kappa z\partial_{z}(G_{i}^{-1}))_{\geq ns}^{k}\cdot z^{-s}$













$g(z)\in \mathcal{K}_{m,n}[z, z^{-1}]$ $g_{i}$
$z^{i}$ .
Definition 41 (Hamdtonians) $s,$ $k\in \mathrm{N}$ , $H_{s,k}\in \mathcal{K}_{m,n}$
.
$H_{s,k}= \frac{\mathrm{t}\mathrm{r}(L^{k+1})_{s}}{k+1}$ . (4.1)











Theorem 42 $(s, k),$ $(s’, k’)\in A_{m,n}$ .
$\frac{1}{h}[H_{s,k}, L]=[L, B_{\epsilon,k}]$ , (4.3)









$\mathcal{K}_{m,n}(0)$ $\mathcal{K}_{m,n}$ $\epsilon_{i},$ $f_{ij}(0)$ $\mathcal{K}_{m,n}(0)((t))$
. $H_{s,k,0}.=H_{s,k}(\epsilon_{i}$ , (0) $+$
$\delta_{i,n}\delta_{j,n+1}\kappa t)$ . $H_{s,k\cdot 01}$ $\epsilon_{i},$ $f_{ij}(0),$ $t$ . $f_{ij}’=$
$f_{ij}(0)+\delta_{i,n}\delta_{j,n+1}\kappa t$ (2.3) .
$L_{0}=L(\epsilon_{i}, f_{ij}(0)+\delta_{i,n}\delta_{j,n+1}\kappa t)_{2}B_{s,k;0}=B_{s,k}(\epsilon_{i}, f_{ij}(0)+\delta_{i,n}\delta_{j,n+1}\kappa t)$
.
Definition 5.1 $f_{i,i+j;s,k}(t)(1\leq i\leq n, 1\leq j\leq m-1, s, k\in \mathrm{N})$ $;\epsilon,k(t)=$
$\sum_{i=1}^{n}E_{ii}f_{i,i+js,k}(t)$ .
$F_{j;s,k}(t)=e_{R}( \frac{1}{h}\int H_{s,k;0}dt)(F_{j}(0)+\delta_{j,1}\kappa E_{nn}t)($$e_{R}( \frac{1}{h}\int H_{s,k;0}dt))^{-1}$ ,
(5.1)
$e_{R}$ $g=g(t)\in \mathcal{K}_{m,n}(0)((t))$ $\frac{d}{dt}(e_{R}(g))=e_{R}(g)\frac{d}{d\mathrm{f}}(g)$
, $F_{j}(0)= \sum_{i=l}^{n}E_{ii}f_{i,i+j}(0)$
Corollary 42 .
Corollary 5.2 $s,$ $k\in \mathrm{N}$ $ns=mk- l$ . $f_{i,i+j\cdot s,k},(t)$
$(1 \leq i\leq n, 1\leq j\leq m-1)$ 2.2 Lax
$f_{i,i+j}(0)$ , .
$[f_{ij;s,k}(t), f_{pq;s,k}(t)]=h(\delta_{j\equiv p}f_{i},j+q-p;s,k(t)-\delta_{q\equiv i}fp,i+q-i;s,k(t))$ , (5.2)
$\frac{d(L_{s,k}(t))}{d\theta}=[L_{s,k}(t), B_{s,k}(t)]+\kappa z\partial_{z}(B_{s,k}(t))$ , (5.3)
$L_{s,k}(t)= \sum_{i=0}^{m}F_{i;s,k}(t)\Lambda^{i},$ $B_{s,k}(t)=((L_{s,k}(t))^{k})_{\geq ns}\cdot z^{-s}$ .
Proof. $js,k$ (t) (5.2). . $d/dt(L_{s,k}(t))$
.
$\frac{d(L_{s,k}(t))}{dt}=\frac{d}{dt}(e_{R}(\frac{1}{h}\int H_{s,k;0}dt)L_{0}($ $e_{R}( \frac{1}{h}\int H_{s,k_{j}0}dt))^{-1})$
$=e_{R}( \frac{1}{h}\int H_{k,0}dt)\frac{1}{h}[H_{s,k;0}, L_{0}](e_{R}(\frac{1}{h}\int H_{s,k;0}dt))^{-1}+E_{nn}\Lambda$
$=e_{R}( \frac{1}{h}\oint H_{s,k_{i}0}dt.)[L_{0}, B_{s,k;0}.](e_{R}(\frac{1}{h}\int H_{s,k;0}dt))^{-1}+\kappa z\partial_{z}(B_{s,k}(t))$
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$=[L_{s,k}(t), B_{s,k}(t)]+\kappa z\partial_{z}(B_{s,k}(t))$ .
Lax .
$m=2,$ $n=3,$ $k=2,$ $s=1,$ $h=1$ . $W$
$x,$ $\partial_{x}$
$\mathbb{C}$ , $W$ Weyl $\mathbb{C}[\partial_{x}, x]$
.
$f_{1,2}(0)=\partial_{x}$ , $f_{2,3}(0)=x$ , $f_{3,4}(0)=-x-\partial_{x}$ , $\epsilon_{i}\in \mathbb{C}$ $(i=1,2,3)$ .
.
$[\partial_{x}, x]=1,$ $[x, -x-\partial_{x}]=1,$ [$-x$ $\partial_{x},$ $\partial_{x}$] $=1$ .
$H_{1,2;0}$ .
$H_{1,2_{j}0}= \frac{1}{3}(\partial_{x}x(\kappa t-x-\partial_{x})+x(\kappa t-x-\partial_{x})\partial_{x}+(.\kappa t-x-\partial_{x})\partial_{x}x)$
$+\epsilon_{1}(\kappa t-x)+\epsilon_{2}(x+\partial_{x})+\epsilon_{3}(\kappa t-\partial_{x})$.
$W((t))$
$f_{1,2}(t)=e_{R}( \oint H_{1,2;0}dt)\partial_{x}(e_{R}(\int H_{1,2;0}dt))^{-1}$ ,
$f_{2,3}(t)=e_{R}( \int H_{1,2;0}dt)x(e_{R}(\oint H_{1,2;0}dt))^{-1})$
$f_{3,4}(t)=e_{R}( \oint H_{1,2;0}dt)(-x-\partial_{x})(e_{R}(\int H_{1,2_{j}0}dt))^{-1}+\kappa t$
$\mathrm{P}_{\mathrm{I}\mathrm{V}}$ .
$[f_{i,i+1}(t), f_{i+1,i+2}(t)]=1$ ,
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